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of the Design Space

C. A. Toomer,* M. E. Topliss,† and D. P. Hills‡
British Aerospace (Operations), Ltd., Bristol, England BS12 7QW, United Kingdom

This paper discusses a strategy for performing aerodynamic single-point and multipoint optimization
studies. The approach uses a combination of three methods: an Euler computational � uid dynamics (CFD)
code that provides accurate information at one chosen point in the design space, a linear approximation
method of the quasianalytic type that rapidly evaluates data at many design points, and a function-� tting
algorithm that maps aerodynamic and geometric data across the whole design space. As the method
proceeds, a good quality database of aerodynamic and geometric quantities is rapidly constructed at a
fraction of the cost of using conventional methods. The availability of this database and the analytic
representation of the quantities over the whole design space permits optimizations to be performed using
constraints on speci� c aerodynamic parameters, e.g., maximum surface Mach number and pressure gra-
dients, over chosen regions of the aerofoil. The approach is also highly � exible, enabling optimization
problems of increasing complexity to be built up quickly, and is easily integrated within modern engi-
neering methods. Results are presented for a typical transonic aerofoil giving comparisons with individual
CFD analyses.

Nomenclature
CD = coef� cient of drag
CL = coef� cient of lift
CM = pitching moment
Cp = pressure coef� cient
k = constant
M = Mach number
Ns = number of vertices in the de� ning B-spline

representation
p = pressure
s = distance along aerofoil surface
w = weighting coef� cient, used in objective function
X = distance from leading edge along chord
Y = distance normal to chord
a = angle of attack, deg

Superscripts
opt = optimization result
orig = results on original con� guration

Introduction

T HE area of design optimization is of great relevance to
the aerospace industry and is currently advancing rapidly.

The numerical tools under development should provide the
designer with the � exibility to address different types of prob-
lems, while providing rapid and accurate solutions. One type
of problem is to understand the characteristic parametric var-
iations and interrelations in a multidimensional design domain.
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A suitable numerical tool would enable the designer to inves-
tigate the design space, identify regions in this parameter space
of speci� c interest, and locate as many solutions to a given
optimization problem as possible. Another type of problem is
to select a particular con� guration of interest and use numer-
ical tools to modify this design to a more exacting standard.

This paper discusses some of the methods currently being
developed at the Sowerby Research Centre to address the � rst
type of problem—forward rather than inverse design. This
work is part of a program that aims to provide an integrated
software environment for the design engineer. In its maturity,
the system will comprise a wide variety of techniques that will
facilitate aerodynamic, structural, and manufacturing optimi-
zation for realistic three-dimensional vehicles in representative
� ight envelopes.

One particular strategy is described here for exploring the
design space for use in aerodynamic optimization. The value
of this approach is in the large time and cost savings that can
be made compared with the more traditional methods of data
generation using experimental techniques and computational
� uid dynamics (CFD) codes. The use of nonlinear CFD pro-
grams to fully explore the product design space for anything
but simple shapes and � ow regimes is still prohibitively ex-
pensive, even with the use of powerful computing facilities.

This paper is structured into three main sections. In the
Methodology section, the three complementary methods used
to generate the data are described. These methods are used in
sequence with the aim of providing analytic descriptions of
aerodynamic and geometric quantities over the design space.
The next two sections contain single-point and multipoint op-
timization results for a typical transonic aerofoil. Initially, con-
straints are applied to the aerofoil area and the force and mo-
ment coef� cients alone. Then the number of constraints is
increased by adding conditions on other aerodynamic quanti-
ties on the aerofoil surface. These examples show the � exibil-
ity of this approach where further constraints can be added
into an optimization problem based on results of previous op-
timizations.

Methodology
Design Space

The design space of interest is that associated with typical
two-dimensional, transonic aerofoils in an inviscid, isenthalpic
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Fig. 1 Progression through the design space using the PIR method. In this example the angle of attack is the only design variable
perturbed.

� ow. The domain is characterized by a unique set of design
variables that re� ect the operating conditions (freestream Mach
number and angle of attack) and the sectional shape of the
aerofoil. The aerofoil con� guration is de� ned by a set of ra-
tional B-spline curves,1 from which the resulting Ns vertices
are identi� ed as the set of shape variables. Thus, with the angle
of attack and freestream Mach number, a total of (Ns 1 2)
design variables fully describe the product. The design varia-
bles are independent of each other. For the aerofoil con� gu-
rations considered, the surface of the aerofoil is described us-
ing 24 B-spline curves of tenth order. Note that the length of
the chord line is always scaled to one unit. A C-grid is then
generated around the aerofoil surface with (33 3 257) points
in the normal and circumferential directions, respectively, and
129 gridpoints on the surface.

To perform an optimization, information on the design space
is required and a suitable optimization algorithm must be cho-
sen. The computational approach to generating the required
aerodynamic data is to produce a suitable mesh for each design
and employ a CFD tool to obtain the � ow� elds and, hence,
aerodynamic coef� cients, at selected points within the design
space.

Topliss et al.2 developed an alternative approach for inves-
tigating the design space. This methodology involved the use
of three subprograms, which when called in sequence enabled
rapid generation of information about the whole design space.
The choice of applying the codes in sequence is not unique,
other options are available and form part of an ongoing de-
velopment program. The data were produced using only one
CFD result at a user-de� ned point in the design space. At other
points in the domain, the information was provided by two
other codes: Projected Implicit Reconstruction (PIR) and De-
sign Spare Approximation Technique (DSAT). The algorithms
used in each of these codes are brie� y described next. Further
information is in Ref. 2.

CFD Code

The CFD code solves the unsteady, two-dimensional Euler
equations for a given angle of attack and freestream Mach
number on the computational mesh. A cell-centered, � nite vol-
ume approximate Riemann solver approach has been employed

and an explicit time-integration scheme is used to march the
solution to convergence (taken as at least a three-order-of-mag-
nitude reduction in the residuals and in the variation of the
aerodynamic coef� cients). The basic � ux discretization is
based upon a second-order total variation-diminishing version
of the AUSMD � ux splitting scheme,3 where the residual of
each cell is written as a balance of � uxes across cell interfaces.
Closure of the system is attained by using the ideal gas law,
with a constant ratio of speci� c heats. The total enthalpy of
the system is constant for a constant freestream Mach number.

Projected Implicit Reconstruction

Once the � ow� eld for the conserved � eld variables (density
and momentum) at a point in the design space is obtained, this
is used as the starting solution for the PIR method. PIR pro-
vides a linearization around a design point of interest and is
based on the fundamental sensitivity equations cited in the
literature.4,5 The application of sensitivity analysis to aerody-
namic optimization has been widely reported.6,7 From the ini-
tial design point, the PIR calculation involves stepping through
the design space by perturbing one or more components of the
design vector (composed of the design variables). At each step
a linearized system of equations is solved to provide the nec-
essary changes to the � ow� eld that was calculated at the pre-
vious step. In addition to the reconstruction of the � ow� eld,
aerodynamic and geometric data are also extracted and stored.
The sweep through the design space then continues, accumu-
lating data at every step, until the user-de� ned � nal position
is reached. The process is illustrated in Fig. 1 for the case
where the only change in the design vector is because of the
angle of attack being incremented at each step by 1 deg from
an initial value of 3 deg.

The changes to the � ow� eld are found by evaluating the
sensitivity of each conserved � eld variable with respect to
changes in the design vector at every cell center. An approach
based on the quasianalytic method is applied, where a large
sparse system of linear algebraic sensitivity equations (incor-
porating the gridpoints, the residual � ux vector, the conserved
� eld variables, and the design vector) is solved using a quasi-
Newton iterative method. All of the boundary conditions ap-
plied are consistent with those in the CFD code. Required
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Fig. 2 Positions in the two-dimensional domain where data from the CFD code (center point) and the PIR runs are used to approximate
the function.

solutions have a residual reduction of at least six orders of
magnitude.

The aerodynamic coef� cients are evaluated as functions of
the normal and axial force coef� cients. These are calculated
in the standard way as the sums of the contributions at the
surface of each cell face on the aerofoil.

The parameters of interest recorded at each step in the PIR
marching process are the overall section forces and moments
(lift coef� cient, drag coef� cient, pitching moment), � ow� eld
quantities, and geometric quantities. The � ow� eld quantities
are the pressure, density, Mach number, entropy, and pressure
loss, and three options are available (of which all, some, or
none of them can be chosen by the user). The � rst option is
for the maximum and minimum values over the � eld, the sec-
ond option is on the aerofoil surface, and the third option is a
user-de� ned section of the surface. For the surface options, the
� ow� eld gradient values are available. The user can specify
any combination of upper, lower, or both surfaces. The geo-
metric quantities include the aerofoil area and areas of sections
de� ned by the user, the radius of curvature, curvature and cur-
vature derivatives, maximum thickness, mean thickness, spar
thickness(es), and aerofoil trailing-edge angle.

Note that although not requested by users of the code, it is
straightforward to add in constraints on the leading-edge ra-
dius. This would be achieved by adding the leading-edge ra-
dius in as a parameter in the PIR code and in similar fashion
to the other geometric parameters, storing the leading-edge ra-
dius values as a function of the B-spline positions. When time
permits, further tests will be performed and reported using the
geometric quantities.

PIR produces accurate data at a substantial saving in time
and cost compared with the CFD method. However, both ap-
proaches produce results at discrete points in the design do-
main. Hence, a third technique is employed that uses the CFD
and PIR data to map each chosen parameter across the whole
design space in terms of analytic functions.

Design Space Approximation Technique

To economically produce an approximation to the function,
the smallest number of PIR iterations possible must be per-

formed without unduly compromising the accuracy. Hence, the
direction taken through the design space during the PIR runs
is controlled. The CFD analysis used to provide the initial
solution for the PIR method is chosen to be at the center of
the design domain. A small number of PIR analyses are then
undertaken at speci� c points in the domain radiating out from
the center, to capture the variations in the � elds caused by
perturbations in the design variables. Each design variable is
perturbed separately.

For example, for each shape variable, PIR analyses are per-
formed in each direction, allowing the surface to be lowered
and raised. The data from four of these analyses are used to
� nd the coef� cient values of the function. Hence, for two
shape variables, data from eight PIR steps are required. With
the initial CFD analysis, this provides information at nine
points and their distribution is shown in Fig. 2, where the
center point (CFD analysis) is the starting point for all of the
PIR runs. Data are taken at four points near the center and at
four points on the boundary of the domain. Large stepsizes
can lead to a loss in accuracy and, thus, extra points (the re-
sults of which are discarded) are evaluated in between to
ensure the accuracy of the results at the points on the boun-
dary.

The typical change in the position of the vertices is approx-
imately 61.92 3 1022 in steps of about 6.4 3 102 3. The step-
size used for perturbing the angle of attack is a half-a-degree
over the range a = [24, 8] deg. As expected from a � rst-order
scheme, there are limitations on the extent to which each de-
sign variable can be perturbed about any design point.

A curve-� tting technique is applied to each of the quantities
in the PIR database. The function used is the sum of a fourth-
order polynomial in each design parameter, so there are no
cross terms. Using the data supplied by the PIR and CFD
methods, the coef� cients of the function are obtained by
Gauss– Jordan elimination.8

The time taken to perturb the angle of attack and 23 shape
vertices about a chosen design point, to record all of the re-
quired � ow quantities in the regions speci� ed by the user, and
to function � t these aerodynamic quantities over the whole
design domain requires 2 to 3 CPU hours on a DEC alpha
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Table 1 Comparison of CFD and PIR data for the original
and optimized aerofoilsa

Aerofoil
shape Method

Freestream
Mach number

Angle of
attack,

deg

Aerodynamic coef� cients

CL CD CM

Original CFD 0.80 2.0 0.9772 0.0735 20.2936
Optimized PIR /DSAT 0.80 1.41 0.9772 0.0517 20.2936
Optimized CFD 0.80 1.41 0.9358 0.0462 20.2944
Original CFD 0.75 2.0 0.8950 0.0245 20.1706
Optimized PIR /DSAT 0.75 1.48 0.8950 0.0203 20.1706
Optimized CFD 0.75 1.48 0.8153 0.0197 20.2001
Original CFD 0.85 2.0 0.7959 0.1026 20.3251
Optimized PIR /DSAT 0.85 1.65 0.7959 0.0836 20.3251
Optimized CFD 0.85 1.65 0.7950 0.0878 20.3274
a
Single-point optimization, case 1.

workstation. The time taken to complete the PIR DSAT stage
is approximately 90% of the time of one CFD run.

Representing parameters of interest as continuous functions
provides a number of advantages: the information is available
at any point in the design space, and there is easy evaluation
of the � rst- and second-order gradients with respect to each
design variable for use in the optimization scheme.

The analytical representation used here is advantageous be-
cause of its simplicity, and it is suitable for many types of
optimization problems. It is, however, ony one of many pos-
sible functional representations. For example, when studying
buffet, a functional representation with cross terms in the angle
of attack and grid vertices is advisable. Then the gradient of
the lift coef� cient with respect to the angle of attack can be
utilized in the modeling of the onset of separation. Once an
analytic formulation for the lift coef� cient has been formu-
lated, the corresponding expression for the � rst derivative with
respect to angle of attack can be derived and used in the op-
timization scheme as a constraint on the maximum angle of
attack.

Optimization Technique

The optimization program is loosely coupled to the analysis
codes. A sequential quadratic programming algorithm from the
NAg libraries9 is used as the optimizer. For the cases consid-
ered here, the objective function to be minimized is always
the drag coef� cient. Equality constraints are set on the lift
coef� cient, pitching moment, and aerofoil area. The upper and
lower bounds imposed on the angle of attack and on the move-
ment of each vertex correspond to the limits of the design
space considered in the PIR /DSAT run. In some of the cases
considered, further (inequality) constraints are imposed on
other parameters, e.g., maximum Mach number.

In the design space there often exists more than one local
minima in the functional representation for the objective func-
tion. Because the SQP algorithm is a gradient-based scheme,
there is no guarantee that the global minimum will be found.
The optimization program automatically performs many opti-
mizations, each time starting the search procedure from a dif-
ferent initial point in the design space. The SQP algorithm
required between 20 and 30 major iterations (converging to
the � rst-order Kuhn– Tucker point) for the single-point opti-
mizations and between 20 to 60 iterations for the multipoint
optimizations.

There are two reasons the results from these optimization
studies should be considered as design improvements rather
than the optimal solutions: the result may be a local rather than
a global minimum, and the result is obtained using the analytic
representations of the parameters in the database and there will
be an error associated with these approximation techniques.

The true measure of the improvement made in the optimi-
zation is by comparing the values of the aerodynamic coef� -
cients (and other chosen parameters) obtained from the CFD
results on the original aerofoil with the corresponding values

obtained from running the CFD code on the optimized aerofoil
(obtained from the CFD /PIR /DSAT data).

In the examples considered in this paper, the aim of the
CFD /PIR /DSAT optimizations is to identify one or more
points of interest in a design space that show promise in pro-
viding a solution to an optimization problem. Once these
points have been identi� ed, a second, more accurate, investi-
gation can be performed about each point in turn. The CFD /
PIR /DSAT is one such tool that can be used successfully in
such an investigation. However, the design space must be re-
duced from that considered in these problems to a more lo-
calized domain to ensure that differences between the PIR and
CFD results at any design point considered in a local domain
are no more than, say, 1 – 2%. For example, for the angle of
attack, the range considered would reduce from the 12 deg
considered here to a range of about 2– 3 deg. Using the design
point (and the corresponding CFD solution) from the optimi-
zation over the large domain as the central point of the local-
ized domain, a new, smaller domain is chosen and the PIR /
DSAT procedure can be repeated. Note that the smaller domain
can either be chosen by the user or set automatically within
the code.

As better-quality information is acquired about the design
space, the database can be updated and extended, and is avail-
able for further investigations.

Test Case Considered

The test case chosen is a generic aerofoil at Mach 0.8 and
2-deg angle of attack. This transonic case has a strong shock
on the upper surface of the aerofoil and can be considered
toward the extreme end of the typical test cases used to vali-
date the computational methods.

Single-Point Optimization Results
Case 1

Equality constraints are set on the aerofoil area, lift coef� -
cient, and pitching moment such that these values are the same
on the optimized aerofoil as on the original. Hence, the center
point of the design domain (with the original aerofoil shape
and the angle of attack of 2 deg) is a solution to the optimi-
zation problem. The objective function is taken as the drag
coef� cient.

In case 1, the starting point for the optimization is at M0.8
and 2-deg angle of attack. The angle of attack and shape pa-
rameters are allowed to vary, but the freestream Mach number
is held constant. The aim is to minimize the objective function.
The optimization process gives a 37% reduction in the value
of the drag coef� cient for a 4% loss in the value of the lift
coef� cient (comparison made between the CFD results on the
optimized and original aerofoils, results are presented in Table
1). This reduction in the drag is achieved by � attening the
upper surface of the aerofoil compared with the original that
creates a weaker shock near the trailing edge. The original and
optimized aerofoils are shown in Fig. 3. The main picture en-
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Fig. 3 Comparison of aerofoil shape between the original and
the results of the optimizations at M0.8, with and without con-
straints on the maximum Mach number on both surfaces.

Fig. 4 Surface Cp distributions around the original aerofoil at 2
deg and optimized aerofoils at 1.41 deg (case 1) and at 1.71 deg
[case 2(iii)]. Freestream Mach number is 0.8.

Fig. 6 Pressure coef� cient contours around the optimized aero-
foil at M0.8 and 1.41 deg. The Cp range is from 2 1.4277 to 1.2588.

Fig. 5 Pressure coef� cient contours around the original aerofoil
at M0.8 and 2 deg. The Cp range is from 2 1.4034 to 1.2416.

hances the small changes in the shape, whereas the aerofoils
at the top right of the picture correspond to the actual shape.
The amount of supersonic � ow over the aerofoil is reduced.
Because of the area constraint on the aerofoil, the lower sur-
face is displaced further below the chord line to compensate
for the reduction in area created by the modi� cations to the
upper surface. The angle of attack in the optimized result is
1.41 deg.

Note that if the lift coef� cient was required to be within 1%
of the original value, then a localized PIR /DSAT calculation
would be advised about the optimized point found earlier, and
a further optimization performed to � nd a new design point at
which the lift coef� cient was at the original value. As more
PIR data are produced than used in the DSAT continuous rep-
resentation, the design space can therefore be reduced when
required. This means that a second optimization run, using a
smaller design space and the results of the � rst run as the
starting point, takes a matter of seconds. The design space is
reduced automatically to that containing the initial point, the
DSAT code evaluates the new coef� cient values by Gauss –

Jordan elimination, and the optimization procedes directly.
The surface pressure distributions of the original and opti-

mized aerofoils are presented in Fig. 4. Flow� eld contour di-
agrams of the pressure coef� cient over the original aerofoil at

2 deg and over the optimized aerofoil at 1.41 deg are shown
in Figs. 5 and 6.

The pressure coef� cient � eld over the original aerofoil at 2-
deg angle of attack and freestream Mach number M0.75 is
given in Fig. 7. When the optimization is performed at M0.75,
the result shows a double shock over the new aerofoil shape
(Fig. 8). This is related to the tendency in these inviscid cases
for the optimized result to show a saddle-like Cp distribution
on the upper surface (as in Fig. 4).

The results of optimizations at M0.75, M0.8, and M0.85 are
listed in Table 1. In each case, the values obtained from the
CFD code for the coef� cients of lift, drag, and pitching mo-
ment are given on the original aerofoil at 2-deg angle of attack.
The optimizations using the PIR /PSAT data produce a new
shape and a new value for the angle of attack. Two further
sets of corresponding data are provided in Table 1 at these
optimized conditions: the results from the PIR /DSAT data and
the result from an individual CFD run of the new design con-
� guration.
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Fig. 7 Pressure coef� cient contours around the original aerofoil
at M0.75 and 2 deg. The Cp range is from 2 1.3832 to 1.2135.

Fig. 8 Pressure coef� cient contours around the optimized aero-
foil at M0.75 and 1.48 deg. The Cp range is from 2 1.4176 to 1.221.

The percentage error between the CFD and the PIR /DSAT
results on the optimized aerofoil are up to 11.7%, which occurs
in the M0.8 case for the coef� cient of drag. The error range
can be considerably reduced when design domains of smaller
extent are used.

Case 2

It is important in optimization exercises to build constraints
on all of the parameters of interest into the model. For ex-
ample, in the previous test case at M0.8, the optimization al-
gorithm successfully found a con� guration that signi� cantly
reduced the objective function. However, when the � ow� elds
around the aerofoil are studied, it is found that the maximum
Mach number (at the attachment point of the shock to the
aerofoil close to the trailing edge) had increased from 1.5684
on the original aerofoil (at 2-deg angle of attack) to 1.6118 on
the � nal con� guration. One advantage of the PIR /DSAT ap-
proach is the ease with which further constraints on � ow pa-
rameters can be added into the optimization problem. These

constraints use the analytic representations for the parameters
that are calculated at the same time as those for the coef� cients
of lift and drag using the PIR /DSAT method.

To illustrate how the optimization model can be enhanced,
the maximum surface Mach number is constrained in the cho-
sen region of the chord line X = [0.4, 1.0] (the chord length
is always one unit). Cases are run where (i) only the lower
surface, (ii) only the upper surface, and (iii) both surfaces are
considered. On the original aerofoil, in the required surface
section, the maximum Mach number on upper and lower sur-
faces are 1.57 and 0.98, respectively. Hence, when constraints
are applied to the Mach number, the upper bound is � rst set
to that of the original aerofoil. The optimization code produces
a solution that satis� es the constraints of case 1 and the ad-
ditional constraint(s) on the surface Mach number. Further runs
are then performed, reducing the upper bound on the Mach
number. The code contains the option of allowing the user to
de� ne the upper bound, or of permitting the code to succes-
sively reduce the Mach number bound until no solutions are
found. Hence, for each case, there are a set of results corre-
sponding to different bounds on the Mach number(s).

A constraint is also applied to the maximum surface pressure
gradient on the lower surface [case (iv)], which had a value
of 10 on the original aerofoil. A constraint could not be set on
the surface pressure gradient on the upper surface because of
the presence of the shock discontinuity.

One result has been chosen from each of the sets of the
results to cases (i), (ii), and (iv), and are presented in Table 2.
One result from the case 2(iii) optimization problem is plotted
in Figs. 3 and 4.

In case 2(i), the added constraint on the lower surface max-
imum Mach number produced a 5– 6% reduction, reducing it
to 0.926 compared with the values on the original and case 1
aerofoils. The lift coef� cient was within 2% of the value on
the original aerofoil. There is also an increase in the drag co-
ef� cient compared to the solution found in case 1, but it is still
24% lower than the original value.

Imposing a constraint on the surface Mach number on the
upper surface [case 2(ii)] produced a reduction in the Mach
number of 7.6% (compared with the optimized solution found
in case 1), and an increase in the values of the lift and drag
coef� cients (the solutions considered are the CFD results on
the optimized aerofoils, not the PIR /DSAT values that show
the required lift coef� cient). Compared with the original so-
lution, the case 2(ii) result had an upper surface maximum
Mach number 5.1% lower, a CL value within 0.4%, and a re-
duction in the CD value of 10.8%.

For case 2(iii), applying constraints to the upper and lower
surfaces tends to have the same effect as seen in cases 2(i) and
2(ii). Reducing the maximum Mach number on each surface
increases the value of CD compared with the optimized solu-
tion of case 1. For example, the drag coef� cient rises to 0.0661
when the Mach numbers on the lower and upper surfaces are
reduced to 0.959 and 1.501, respectively (all CFD values).
Comparing the CFD solutions on the optimized aerofoil with
those on the original, shows that the CL values are within 0.9%,
the CD value was reduced by 10.8%, and the maximum Mach
numbers were reduced by 2.4% (lower surface) and 4.3% (up-
per surface). The optimized aerofoil produced in this case is
shown in Fig. 3, whereas the surface pressure distribution is
presented in Fig. 4. The inclusion of constraints on the Mach
number has removed the saddle-shaped feature on the upper
surface and produced a smoother Cp distribution over the
whole aerofoil. If the pitching moment is allowed to vary, i.e.,
changing to an inequality constraint, solutions are possible
with more than a 10% reduction in the surface Mach numbers
while maintaining low CD values.

A further constraint is then added to reduce the surface pres-
sure gradient on the lower surface [case 2(iv)]. A number of
cases were run, reducing the upper bound on the pressure gra-
dient. As the value of the gradient reduced, the drag coef� cient
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Table 2 Comparison of CFD and PIR data for the optimized aerofoils at the freestream Mach number of 0.8a

No. Method

Constraints applied
to aerofoil surface

M(max)

u dp(max) u
u ds u

Angle of attack,
deg

Results

Aerodynamic coef� cients

CL CD CM

Surface values

M(max)

u dp(max) u
u ds u

i PIR /DSAT Lower —— 1.807 0.9772 0.0596 20.2936 0.8155 ——
CFD Lower —— 1.807 0.9579 0.0560 20.2957 0.9260 ——

ii PIR /DSAT Upper —— 1.682 0.9772 0.0715 20.2936 1.4586 ——
CFD Upper —— 1.682 0.9731 0.0656 20.3158 1.4891 ——

iv PIR /DSAT Upper 1.74 0.9772 0.0852 20.2936 0.894 ——
PIR /DSAT Lower Lower —— —— —— —— 1.4272 1.771

CFD Upper —— 1.74 0.9721 0.0775 20.3112 0.9730 ——
CFD Lower Lower —— —— —— —— 1.5146 ——

a
Case 2. Constraints are imposed on the surface Mach number and in case 2(iv) on the surface pressure gradient on the lower surface. On

the original aerofoil at 2 deg, the maximum Mach number on upper and lower surfaces is 1.5684 and 0.98253, respectively. The surface
pressure gradient is 10.043.

Fig. 9 Coef� cient of lift against angle of attack on the original
aerofoil for the three Mach numbers considered in the optimiza-
tion.

increased. For example, when the PIR /DSAT data produced a
decrease in the surface pressure gradient of 32%, the CFD run
on the optimized aerofoil showed an increase in the drag co-
ef� cient of 23% compared with the case 1 result. However,
when compared with the result on the original aerofoil, there
is a 23% reduction in the drag coef� cient for a 1.7% loss in
lift coef� cient and less than 1% change in the maximum Mach
number on the upper and lower surfaces.

The result shown in Table 2 is for the case where the lower
surface pressure gradient is reduced to its lowest value: 1.771
(an 82% reduction). The lift coef� cient value is within 1% of
the required value. The effect on the drag coef� cient is to
increase it above that on the original aerofoil while producing
reductions in the Mach number range of 0.4 and 6% on lower
and upper surfaces, respectively.

Hence, the PIR /DSAT functional representations enable a
designer to use constraints on many aerodynamic parameters,
and quickly evaluate the effect on the objective function and
on the other parameters. This promotes an understanding of
the relations between the parameters in the design space. The
time taken to produce these results with the PIR /DSAT data
takes no more than a few seconds on a SUN workstation.
However, the real cost is the time taken to produce the CFD
solution at the new design point, i.e., at the new angle of attack
and modi� ed aerofoil shape.

Multipoint Optimization Results
In this section, a three-point design problem is considered.

The � ight conditions on the aerofoil in cruise are such that it
� ies at M0.8, but spends part of its cruise phase in the range
(M0.75, M0.85). The aim is to ensure that the combined drag
coef� cient is reduced to a minimum for this mission pro� le.
Constraints are thus applied at three Mach numbers: M0.8,
M0.75, and M0.85. The objective function used is the sum of
the weighted drag coef� cients at each Mach number, i.e.,

3

Objective function = w C (1)i DO i
i=1

3

w = 1 (2)iO
i=1

where w is 0 # w # 1. The index i = 1 – 3 corresponds to
values in the M0.75, M0.80, and M0.85 cases, respectively.
The optimizer requires information about the design space at
each of these three Mach numbers. Hence, for each Mach
number, the initial design point is taken as the original aerofoil
at 2-deg angle of incidence. A converged � ow� eld around this
con� guration is obtained using the CFD code and then the
PIR /DSAT algorithms are used to � nd the values for the co-

ef� cients of the analytical functions (describing the aerody-
namic coef� cients, surface pressure gradients, etc.) as a func-
tion of the shape variables and angle of attack. The variation
in the coef� cient of lift as a function of angle of attack for the
range 0– 4 deg on the original aerofoil is plotted in Fig. 9 for
each of the three Mach numbers considered.

Case 3

Constraints are set on the aerofoil area, lift coef� cient, and
pitching moment. The aerofoil area is taken as the same as the
original aerofoil, and is the same at each Mach number. The
pitching moment CM on the optimized aerofoil is required to
be within 2% of the value on the original aerofoil; i.e., for
each Mach number

opt origC = k ?CM Mi i

where constant k = (0.98, 1.02) and i = 1,3. Finally, the co-
ef� cients of lift are set such that the lift at each Mach number
design point is the same as at the original design point of M0.8.
So,

opt 2 orig 2C M = C (at M0.8)? (0.8)L i Li

where i = 1, 3.
Hence, at M0.8, the original aerofoil satis� ed the constraints.

However, the design points at M0.75 and M0.85 did not satisfy
the constraints on the coef� cient of lift. As the coef� cient of
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Fig. 10 Comparison of aerofoil shape between the single-point optimization result and the results of the three-point optimizations with
and without constraints on the Mach number range on the lower aerofoil surface.

Fig. 11 Surface pressure coef� cient distributions around the sin-
gle-point optimized aerofoil (case 1) at 1.41 deg and the three-
point optimized aerofoils from case 3 at 1.17 deg and case 4 at
1.13 deg. In the latter case, constraints are applied to the Mach
number range on the lower aerofoil surface. Freestream Mach
number is 0.8.

lift on the original aerofoil at M0.8 is larger than at M0.75 and
M0.85 at any angle of attack, it is expected that the angle of
attack on the optimized aerofoil at M0.8 is smaller than the
angles at M0.75 and M0.85 to preserve the same value of the
lift.

The aerofoil shape and angle of attack are allowed to move
within the same domain as used for the PIR /DSAT run (this
design space is the same size as used in the single point op-
timizations). As in the case of single-point optimization, many
points throughout the domain are used to start the optimization
procedure.

Because of the requirement that the speci� ed values of the
lift coef� cient must be achieved at the three Mach numbers,
the shape of the optimized aerofoil is quite different from the
single point case, even when the weighting parameter on the
M0.8 values is at 100%. This result implies that for cases
where aerodynamic coef� cient values greatly vary, even for a
minute part of the mission, a single-point optimization result
may give misleading information on the optimum shape of the
aerofoil. Figure 10 compares the aerofoil shape from the sin-
gle-point and triple-point optimization cases with constraints
on CL, CM, and area (and a triple-point case where constraints
have been applied to the Mach number range on the aerofoil’s
lower surface). These optimized aerofoils have � atter upper
surfaces than the original aerofoil (Fig. 3). The surface Cp dis-
tributions at M0.8 on the aerofoils in Fig. 10 are presented in
Fig. 11. In the multipoint cases, the weighting parameters used
at M0.8, M0.75, and M0.85 are 0.9, 0.05, and 0.05, respec-
tively. Only minor variations in these results are obtained for
weighting parameters at M0.8 between 0.6 and 1. From Fig.
11 it is seen that the optimization procedure preserved the po-
sition of the shock in both single-point and multipoint opti-
mization examples. This is not the case for other examples
considered by the authors.

The values for the angle of attack and the aerodynamic co-
ef� cients at each Mach number are listed in Table 3. The val-
ues on the original aerofoil are provided, as are two sets of
results on the optimized shape (which is the same as the three
Mach numbers). One set of results comes from the optimiza-
tion run using the PIR /DSAT data. The other set of results
comes from running the CFD code at the optimized conditions
for the design variables. The differences between the CFD and
PIR /DSAT results are 3.5– 5% for the coef� cient of lift, and

between 0.29 and 21.5% for the coef� cient of drag. The latter
discrepancy for CD at M0.75 suggests that the results would
be improved by considering a smaller domain, particularly in
terms of reducing the range for the angle of attack.

The time taken to produce this optimization result (in 24-
parameter space) is equivalent to less than six CFD runs (three
CFD runs on the original aerofoil at M0.75, M0.8, and M0.85,
and three PIR /DSAT runs about these initial design points).
Three additional CFD runs are needed to check the validity of
the solution. With a total cost of around one day’s usage on a
DEC 3000/600 workstation, the turnaround is rapid enough to
permit another investigation of a more localized domain
around the optimized solution.

Table 4 lists the values of the objective function [Eq. (1)]
for the case considered in Table 3. The value of the objective
function, initially at 0.07252 (and not a solution to the opti-
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Table 3 Comparison of CFD and PIR data for the original and optimized aerofoilsa

Aerofoil
shape Method

Freestream
Mach number

Angle of
attack,

deg

Aerodynamic coef� cients

CL CD CM

Original CFD 0.80 2.0 0.9772 0.0735 20.2936
Optimized PIR/DSAT 0.80 1.17 0.9772 0.0617 20.2878
Optimized CFD 0.80 1.17 0.9422 0.0570 20.3045
Original CFD 0.75 2.0 0.8950 0.0245 20.1706
Optimized PIR/DSAT 0.75 2.93 1.1119 0.0525 20.1740
Optimized CFD 0.75 2.93 1.1524 0.0669 20.2397
Original CFD 0.85 2.0 0.7959 0.1026 20.3251
Optimized PIR/DSAT 0.85 2.04 0.8657 0.1055 20.3186
Optimized CFD 0.85 2.04 0.8245 0.1052 20.3333
a
Case 3, multipoint optimization.

Table 4 Comparison of CFD and
PIR data for the original and

optimized aerofoilsa

Aerofoil Method
Objective
function

Original CFD 0.07252
Optimized PIR/DSAT 0.06339
Optimized CFD 0.05989
a
Case 3, multipoint optimization case.

mization problem) dropped to 0.05989 at the optimized design
point, a reduction of 17.4%.

Case 4

As in the single-point optimization case 2, additional con-
straints are easily added into the multipoint problem because
the data are already available. Constraints are set on the max-
imum Mach number on the lower surface of the aerofoil in the
region X = [0.4, 1.0] at M0.75, M0.8, and M0.85. The opti-
mization runs take only a few seconds to produce a result, and
then additional CFD runs must be made at the new design
point. Although the aim is to minimize the objective function,
a number of cases are run in which different upper bounds are
set for the maximum Mach number on the lower surfaces.

From the CFD solutions on the optimized result of case 3,
the maximum Mach numbers are 0.837, 0.999, and 1.299, re-
spectively. (On the original aerofoil, the values are 0.879,
0.982, and 1.315.) The greater the reduction in these maximum
Mach number values, the greater the increase in the value of
the objective function. For example, reducing the maximum
Mach numbers to 0.793, 0.996, and 1.169 (a percentage de-
crease with respect to the case 3 solution of 5.26, 0.3, and
10.01%), increases the objective function value to 0.06285, a
rise of 4.94%. The resulting aerofoil shape and Cp distribution
are shown in Figs. 10 and 11.

Conclusions
A three-stage strategy has been adopted to produce a data-

base of aerodynamic and geometric variables describing a mul-
tiparameter design space for aerofoil design. There are nu-
merous advantages in using this three-program approach over
the conventional approach of CFD runs. There is a consider-
able decrease in the time required to investigate a design space,
and the user has, if wished, control over the directions taken
in this environment. There is also an option within the codes

to automatically sweep through the chosen design space. The
scheme does not require any a priori knowledge of dynamic,
e.g., a pressure distribution, or geometric features. There exists
the opportunity to set constraints on aerodynamic quantities on
the aerofoil surface and on the geometry of the aerofoil, and
the codes have the ability to investigate the sensitivity of a
chosen design within user-de� ned limits, e.g., the effect of
reducing the maximum surface Mach number. Finally, the sys-
tem incorporates more design variables and constraints with
ease.

Optimization examples have shown how modi� cations to a
design can be successively built up as knowledge is acquired
on the characteristics of each design and, thus, additional con-
straints can be added to the problem.
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